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ORBIFOLD QUASIMAP THEORY
DAEWOONG CHEONG, IONUT¸ CIOCAN-FONTANINE, AND BUMSIG KIM
Abstract. We extend to orbifolds the quasimap theory of [8, 12],
as well as the genus zero wall-crossing results from [9, 11]. As a
consequence, we obtain generalizations of orbifold mirror theorems,
in particular, of the mirror theorem for toric orbifolds recently
proved independently by Coates, Corti, Iritani, and Tseng [13].
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1. Introduction
Orbifold Gromov-Witten theory was first introduced by Chen and
Ruan [7], with an algebraic version due later to Abramovich, Graber,
and Vistoli [1].
The theory of ε-stable quasimaps to a large class of GIT quotient tar-
gets was developed in [12], generalizing and unifying the earlier works
[26, 8, 28, 30]. In the appropriate general context of the theory, the
GIT target is a smooth Deligne-Mumford stack (or orbifold), but to
keep the technicalities at a reasonable level, [12] worked under the as-
sumption that the GIT quotient is a smooth variety and delegated the
orbifold case to subsequent work. In §2 of this paper we formally es-
tablish the foundations of quasimap theory for orbifold GIT targets
by combining the formalism of [12] with the one developed in [1] for
algebraic orbifold Gromov-Witten theory.
Namely, consider a triple (W,G, θ) consisting of an affine variety
W over C, a reductive complex algebraic group G acting on W , and
a character θ of G. When there are no strictly semistable points
for the linearization induced by θ, we have the GIT stack quotient
X := [W ss(θ)/G] = [W s(θ)/G]. We construct a family, depending on
a stability parameter ε ∈ Q>0 ∪ {0+,∞}, of (relative) compactifica-
tions of moduli stacks of maps from irreducible twisted marked curves
with fixed numerical data to the GIT stack quotient [W ss/G]. These
compactifications are themselves modular and we prove in Theorem 2.7
that they are Deligne-Mumford stacks, proper over the affine quotient.
Furthermore, if the singularities ofW are at worst lci and the semistable
locus W ss is nonsingular, these moduli spaces carry canonical perfect
obstruction theories and therefore possess virtual fundamental classes.
Once the moduli spaces with the required properties are constructed,
the descendant orbifold ε-quasimap invariants associated to the triple
(W,G, θ) are defined as usual via integration against the virtual class
of products of tautological psi-classes and of Chen-Ruan cohomology
classes pulled-back from the (rigidified) inertia stack of X via the eval-
uation maps. When ε > 2, they recover the orbifold Gromov-Witten
invariants of the DM stack X .
It is natural to seek wall-crossing formulas for the invariants as the
stability parameter ε varies. For triples giving GIT quotients which are
nonsingular varieties, such wall-crossing formulas in genus zero were
conjectured in [9] as equalities of generating series of the invariants
after a change of variables. The formulas were proved in [9] in the
presence of an action of a torus T on W such that the fixed loci of
the induced T -action on W/G have good properties. In section 3 we
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provide analogous results for the orbifold case. We describe them in-
formally in this Introduction and refer the reader to Conjecture 3.11
and Theorem 3.12 for the precise statements. These results may be
viewed as generalized mirror theorems for orbifolds.
Recall that the genus zero orbifold Gromov-Witten theory of X is
encoded in Givental’s Lagrangian cone LX and this cone is completely
determined by the big J-function J∞(q, t, z) of X (the notation re-
flects that GW theory corresponds to the stability parameter ε =∞).
This is the generating series for all Gromov-Witten invariants with at
most one descendent insertion and arbitrary number of primary inser-
tions. It depends on the Novikov variables q, the general Chen-Ruan
cohomology class t, and a formal variable z. The t-derivatives of the J-
function determine the so-called S-operator S∞t . Conversely, the string
equation says that the J-function is obtained from the S-operator:
J∞(q, t, z) = S∞t (1X), where 1X is the fundamental class. Since the
terms of S-operator involve invariants with at least two insertions, it
has a direct quasimap analogue Sεt for every stability parameter. The
wall-crossing formula for S-operators then reads
(1.1) Sεt (1X) = S
∞
τε(t)(1X),
with the “mirror map” τ ε(t) a generating series for primary ε-quasimap
invariants with a fundamental class insertion. In particular, the mirror
map acquires an enumerative interpretation. Theorem 3.12 proves (1.1)
under the assumption that there is a T -action whose fixed points in X
are isolated.
Because some genus zero quasimap moduli spaces require at least two
markings, a different construction is needed to extend the J-function
to other stability parameters. To this end, recall that the Gromov-
Witten big J-function has a well-known expression as a generating se-
ries of certain localization residues for the natural C∗-action on graph
spaces - moduli spaces of genus zero stable maps with one parametrized
component of the domain curve. The graph spaces exist for any stabil-
ity parameter ε ∈ Q>0 ∪ {0+,∞} and the corresponding localization
residues define the big Jε-function of the ε-quasimap theory. The wall-
crossing/mirror formula for big J-functions is then the statement that
Jε(q, t, z) is on the Lagrangian cone LX for all ε ≥ 0+; this is the
second part of Theorem 3.12. For semi-positive targets (see Defini-
tion 3.8) this follows from the formula for S-operators. Without the
semi-positivity condition a separate proof is needed and our argument
requires the additional assumption that the one-dimensional T -orbits
in X are also isolated.
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If one is primarily interested in determining the orbifold Gromov-
Witten invariants of X , a wall-crossing formula becomes useful when
the quasimap side can be explicitly computed. While in general the
Jε-functions are equally hard to compute for all stability parameters,
in section 4 of the paper we consider a version of moduli spaces of
quasimaps, dubbed “ stacky loop spaces”, which will typically allow one
to find closed formulas for the small I-function I(q, z) := J0+(q, 0, z),
that is, for the specialization at t = 0 of the J-function for the asymp-
totic stability condition ε = 0+. Following [11], we also introduce a
new orbifold “big I-function” IX(q, t, z). It is an explicit modification
of the small I-function by certain exponential factors and it depends on
a parameter t which runs over the part of H∗(X) generated by Chern
classes of line bundles associated to characters of G. As in [11], the new
I-function can be viewed as arising from a variant with weighted mark-
ings of quasimap theory. The second main result of the paper, Theorem
4.2, states that IX(q, t, z) is on the Lagrangian cone LX whenever the
T -action has isolated fixed points and isolated one-dimensional orbits.
As an application of the theory developed in the paper, in section
5 we discuss the case of toric DM stacks. These are the quotients
X = [W ss/G] for W a vector space and G ∼= (C∗)r an algebraic torus.
We make Theorem 4.2 completely explicit by calculating the small I-
function I(q, z) in closed form via stacky loop spaces. This gives a
closed form for the “big” I-function as well. As a result, the Mirror
Theorem for toric orbifolds, recently proved by different methods in
[13], becomes a special case of Theorem 4.2, see Corollary 5.6.
1.1. Acknowledgments. The research of D.C. was partially supported
by the NRF grant 2007-0093859. The research of I.C.-F. was partially
supported by the NSF grant DMS-1305004. The research of B.K. was
partially supported by the NRF grant 2014-001824. I.C.-F. thanks
KIAS for excellent working conditions during visits when this research
was conducted.
2. The stack of stable quasimaps to an orbifold GIT
target
2.1. Conventions and notations. We work over the field C. All
schemes are locally of finite type over SpecC unless otherwise stated.
Associated to a DM stack X of finite type over C, we have the (cyclo-
tomic) inertia stack IµX and its rigidification I¯µX (see [1]). For DM
stacks X, I¯µX, ..., we denote by X, I¯µX, ... their coarse moduli spaces.
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2.2. Quotients. Let W be an irreducible affine variety with a right
action of a reductive algebraic group G. Denote by Cθ the one di-
mensional G representation space associated to a fixed character θ of
G. Denote by W ss (or W ss(θ)) the semistable locus, and by W s (or
W s(θ)) the stable locus with respect to the linearization Lθ :=W ×Cθ
(see e.g., [23] for the definitions). There are then four quotients with
natural morphisms between them, summarized in the diagram
(2.1) X := [W ss/G] 

//

X := [W/G]

X := W/θG // X0 := SpecC[W ]
G.
In the top line the brackets denote as usual the stack quotients, and
the arrow is the open embedding induced by the inclusion W ss ⊂ W .
The GIT quotient W/θG is defined to be
Proj⊕∞m=0 Γ(W,L
m
θ )
G
and the bottom arrow is the obvious projective morphism to the affine
quotient SpecC[W ]G. (Note also that the affine quotient coincides with
W/0G.) The stack [W
ss/G] will be called the GIT stack quotient with
respect to θ. The natural vertical morphisms in (2.1) are obtained from
the fact that principal G-bundles are categorical quotients, since the
morphisms
W ss(θ)→W/θG, W →W/0G
commute with the G-actions.
In this paper we assume that
W ss(θ) = W s(θ)
unless otherwise stated so that the GIT stack quotient X = [W ss/G]
is a quasi-compact DM-stack. The morphism X → X is the coarse
moduli and is a proper morphism, see e.g. [21]. Therefore X is proper
over X0 since X is projective over the affine quotient X0.
2.3. Stable quasimaps to X. Let e be the least common multiple of
the exponents |Aut(p¯)| of automorphism groups Aut(p¯) of all geometric
points p¯→ X of X .
Definition 2.1. Let (C, x1, ..., xk) be a k-pointed, genus g twisted curve,
see [1, §4] and let φ : (C, x1, ..., xk)→ (C, x1, ..., xk) be its coarse moduli
space.
A representable morphism [u] from (C, x1, ..., xk) to X is called a k-
pointed, genus g quasimap to X (alternatively, a θ-quasimap to X) if
[u]−1(X \X) is purely zero-dimensional.
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The locus [u]−1(X \X) is called the base locus of [u].
The class β of the quasimap is the group homomorphism
β : PicX→ Q, L 7→ deg([u]∗(L)).
The rational number β(Lθ) = deg([u]
∗(Lθ)) is called the degree of the
quasimap [u].
A quasimap ((C, x1, .., xk), [u]) is called prestable if the base locus
contains neither marked gerbes nor nodal gerbes of (C, x1, ..., xk).
Fix a positive rational number ε. A prestable quasimap is called ε-
stable if the following two conditions hold:
(1) The Q-line bundle
(2.2) ωC(
∑
xi)⊗ (φ∗([u]
∗L⊗eθ ))
ε/e
on the coarse curve C is ample.
(2) For every x in C,
εl(x) ≤ 1,
where l(x) is the length at x defined in [12, §7.1].
A prestable quasimap is called (0+)-stable (or simply stable) if it is
ε-stable for every small enough positive rational number ε.
A few explanations are in order.
• Throughout this paper, a twisted curve is required to be bal-
anced ([1, §4]).
• The degree of [u]∗L for L ∈ PicX is defined using a finite cov-
ering of the normalization of C as in [1, §7.2].
Assume that the quasimap [u] is prestable. By the repre-
sentability of [u], the push-forward φ∗([u]∗L⊗eθ ) is a line bundle
on the coarse moduli space C and the adjunction homomor-
phism φ∗φ∗([u]∗L⊗eθ )→ [u]
∗L⊗e is an isomorphism, see Lemma
2.1.2 of [1] and its proof. In particular, deg[u]∗L ∈ 1
e
Z. In
other words, for prestable twisted quasimaps the class β is an
element of HomZ(PicX,
1
e
Z) and so it has uniformly bounded
denominators.
However, note that the definition of the class β as an element
of HomZ(PicX,Q) makes sense for an arbitrary morphism of
stacks [u] : C → X and we will use it later in this generality.
• By its very definition ([12, §7.1]), the length at x is nonzero if
and only if x is a base-point of the quasimap. By the prestable
condition, these are away from the stacky points of the domain
curve, hence it is appropriate to use the same notion of length
to define stability in the orbifold theory as well.
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• It is immediate from the definition that a prestable quasimap
is ε-stable if and only if
(1) for every irreducible component Ci of C,
(2.3) 2g(Ci)− 2 + # special points on Ci + ε deg([u]
∗Lθ|Ci) > 0
and
(2) εl(x) ≤ 1 for every point x in C.
• For (g, k) 6= (0, 0), a prestable quasimap is a stable twisted map
into X if and only it is an ε-stable quasimap for some ε > 1.
For (g, k) = (0, 0), the same is true with ε > 2. For simplicity,
a large enough ε will be denoted by ∞.
• The base locus of a prestable quasimap [u] will be considered
as the reduced scheme.
• The notions of (prestable, ε-stable) quasimaps over an alge-
braically closed field of characteristic zero can be identically
defined.
From now on we fix ε ∈ [0+,∞]. For short, we let x = x1, ..., xk.
Definition 2.2. A group homomorphism β ∈ HomZ(PicX,Q) is called
Lθ-effective if it is realized as a finite sum of classes of some quasimaps
to X. Such elements form a semigroup with identity 0, denoted by
Eff(W,G, θ).
Lemma 2.3. If ((C,x), [u]) is a quasimap of class β, then β(Lθ) ≥ 0.
Moreover, β(Lθ) = 0 if and only if β = 0, if and only if the quasimap
is constant (i.e., u is a map into X, factored through an inclusion
BΓ ⊂ X of the classifying groupoid BΓ of a finite group Γ).
Proof. Consider a finite covering Cˆ of the normalization of C such that
Cˆ is a (possibly disconnected) nonsingular projective curve. Then the
induced map [uˆ] : Cˆ → X is a union of quasimaps. Now the Lemma
follows by applying [12, Lemma 3.2.1] to [uˆ]. 
Definition 2.4. Let (C,x) be a family of twisted k-pointed genus g
curve over a scheme S, see [1, §4], [29, §1.1]. In particular, the mark-
ings xi ⊂ C are e´tale gerbes over S banded by finite cyclic groups. A
pair ((C,x), [u]) is called a (resp. prestable, ε-stable) quasimap to X
over S if [u] is a morphism from C to X such that the restrictions to
geometric fibers are (resp. prestable, ε-stable) quasimaps in the sense
of Definition 2.1.
Lemma 2.5. Let D be a codimension 1 nonsingular subvariety of a
nonsingular variety Y , and let f be a morphism from Y \D to a sepa-
rated DM stack X .
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Suppose that the coarse moduli level morphism f induced by f is
extendible to a morphism Y → X . Then after possibly shrinking Y at
a given closed point p of D (i.e., taking an e´tale open subset containing
p) we have a representable morphism f˜ : YD,r → X extending f , where
YD,r is the root stack of the effective divisor D with r-twisting for some
r (for the definition of root stacks see [6, 1]). The pair (YD,r, f˜) is
unique up to a unique isomorphism, i.e., another one (YD,r′, (f˜)
′) is
isomorphic to the (YD,r, f˜) up to a unique isomorphism.
Proof. Since this is a local problem in the e´tale topology, we may as-
sume that X = [Z/Γ] for some affine scheme Z with a finite group Γ
action (see [3, Lemma 2.2.3], [21, Proposition 4.2]). Take an analytic
neighborhood U of p such that the fundamental group of U \D is iso-
morphic to Z. Let ZU\D be the principal Γ-bundle on U \D obtained
by pulling back Z → X via f . We have the monodromy action of Z on
ZU\D, which factors through an action of the group µr of r-th roots of
unity for some positive integer r and induces a monomorphism µr → Γ.
Take an r to 1 covering U ′ → U branched along D, with U ′ non-
singular. Let D′ ⊂ U ′ be the reduced divisor corresponding to D. On
U ′ \D′, the pull-back bundle ZU ′\D′ is a trivial Γ-bundle. Choosing a
section of it, we get by composition a µr-equivariant morphism from
U ′ \D′ to Z.
By assumption, the induced map
U ′ \D′ −→ [Z/Γ]
is extendible to
U ′ → U → [Z/Γ].
Since the coarse moduli space [Z/Γ] → [Z/Γ] is proper by [21], after
shrinking U ′ if necessary, there is a branched covering U ′′ → U ′ along
D′ and an extension U ′′ → [Z/Γ], where U ′′ is nonsingular. Using a
trivialization of the pullback bundle ZU ′′, we obtain a morphism from
U ′′ to Z. This implies that there is a morphism U ′ → Z through
which the morphism U ′′ → Z is factored. The morphism U ′ → Z
is µr-equivariant since it is so generically. It therefore descends to a
representable morphism UD,r := [U
′/µr] → [Z/Γ], as claimed in the
Lemma. The uniqueness follows from the separatedness of [Z/Γ] and
the uniqueness of r. 
We note an immediate consequence of Lemma 2.5. If ((C,x), [u]) is
a prestable quasimap to X , with base locus B (viewed as a reduced
subscheme of C), then there is a canonical twisted curve (C,x ∪ B)
and a canonical representable morphism [u]reg : (C,x∪B)→ X which
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extends [u]|C\B . Indeed, the required extension [u] : C −→ X exists by
the prestable assumption and the fact that X −→ X0 is projective. As
in Lemma 7.1.2 of [12], if βreg denotes the class of [u]reg, then
(2.4) (β − βreg)(Lθ) =
∑
x∈C
l(x).
We will need also the following family version of the above conse-
quence.
Corollary 2.6. Let ∆ be a nonsingular curve. Consider a ∆-family of
prestable quasimaps ((C, x1, ..., xk), [u]) to X with base locus B. Then,
after possibly shrinking ∆ and making an e´tale base change there is
a unique ∆-family of twisted stable maps (C ′, x′1, ..., x
′
k, b
′
1, ..., b
′
l, [u]reg)
into X, together with an isomorphism
ϕ : ((C ′ \
⋃
{b′j}j), x
′
1, ..., x
′
k)→ ((C \B), x1, ..., xk)
over ∆ making [u] ◦ ϕ = [u]reg on C
′ \
⋃
{b′j}j.
Proof. After shrinking ∆ and e´tale base change, we may assume that
the base locus B forms (possibly empty) sections bj , j = 1, ..., l, of
C → ∆, disjoint from the markings x and the nodes in the fibers.
Since [u] is a morphism C → X, it induces a morphism C → X0, which
is compatible with C \ B → X. Since X → X0 is projective and B is
a smooth divisor of C, we may extend C \B → X at the generic point
of every component of B. So, after shrinking ∆ again, we may assume
that there is an extension C → X . Applying Lemma 2.5 concludes
the proof. 
Now we come to the main result of this section. A related statement
in the case of one specific GIT target is the main result of [17].
Theorem 2.7. The category fibered in groupoids Qεg,k(X, β) of genus
g, k-pointed ε-stable quasimaps to X of class β is a DM stack, proper
over X0. Further if W is a locally complete intersection (LCI) variety,
then Qεg,k(X, β) is equipped with a canonical perfect obstruction theory.
Precisely speaking, Qεg,k(X, β) is a priori a 2-category. An arrow from
(C,x, [u]) to (C ′,x′, [u′]) over a morphism S → S ′ between schemes is
a pair (ϕ, α) of a cartesian product ϕ : C → C ′ over S → S ′ preserving
the order of markings and a 2-morphism α : [u] ⇒ [u′] ◦ ϕ. A 2-arrow
from (ϕ, α) to (ϕ′, α′) is a 2-morphism σ : ϕ ⇒ ϕ′ compatible with
α and α′. Since C,C ′ are DM stacks containing dense open algebraic
spaces, the morphisms σ are unique if they exist, by [3, Lemma 4.2.3].
Therefore the 2-category Qεg,k(X, β) is equivalent to a category.
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In fact, Qεg,k(X, β) depends on the pair (X, X), see [12, §4.6]. There-
fore, a more precise notation would be Qεg,k((X, X), β), but we’ll only
use the latter when needing to emphasize this feature.
When ε > 1 (or ε > 2 if (g, k) = (0, 0)), Qεg,k(X, β) is nothing but
the stack Kg,k(X, β) of k-pointed twisted stable maps into X of genus
g and class β introduced by Abramovich and Vistoli in [3]. We will
also use the notation Q∞g,k(X, β) := Kg,k(X, β) for these moduli stacks.
2.4. Proof of Theorem 2.7. In this section we prove Theorem 2.7.
2.4.1. Algebraicity. Let Qmapg,k(X, β) denote the category fibered in
groupoids parameterizing k-pointed genus g quasimaps to X of class β
(no (pre)stability condition imposed). We will show thatQmapg,k(X, β)
is an Artin stack locally of finite presentation over X0.
Let Mtwg,k be the category fibered in groupoids of k-pointed genus
g twisted curves. It is proven in [29, Theorems 1.9, 1.10] that it is
a smooth Artin stack, locally of finite type. Let C → Mtwg,k be the
universal curve. We can view Qmapg,k(X, β) as an open substack of
the stack HomMtwg,k(C,X × M
tw
g,k) whose fiber over a scheme S is the
groupoid of 1-morphisms from S-families of k-pointed genus g twisted
curves to X (for the definition of Hom-stacks see [2, C.1], [25, §2.3]).
Hence the desired statement follows from the following
Lemma 2.8. The Hom-stack HomMtwg,k(C,X×M
tw
g,k) is an Artin stack
locally of finite presentation over C.
Proof. Let S be a scheme locally of finite type over C, with a smooth
surjective morphism S → Mtwg,k. Then the fiber product S ×Mtwg,k
HomMtwg,k(C,X×M
tw
g,k) is equivalent to HomS(C×Mtwg,k S,X× S), which
is an Artin stack locally of finite presentation over S by Proposition
2.11 in [25] since S is an excellent scheme over C and X × S is the
quotient stack [W ×S/G]. Thus, by Lemma C.5 in [2] we conclude the
proof. 
2.4.2. Automorphisms. So far we have shown that Qεg,k(X, β) is an
Artin stack. The proof of [12, Proposition 7.1.5] shows that a ε-stable
quasimap over a geometric point has no infinitesimal automorphisms.
Indeed, the argument given there only involves the base locus of the
stable quasimap, and is therefore insensitive to the stack structure of
the domain curve. It follows that the diagonal of Qεg,k(X, β) is formally
unramified, and hence Qεg,k(X, β) is Deligne-Mumford.
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2.4.3. Boundedness. For d ∈ 1
e
Z≥0, we show that
Qεg,k(X, d) :=
∐
β:β(Lθ)=d
Qεg,k(X, β),
which is locally of finite presentation over C, is quasi-compact over C
and hence of finite type over C.
For a fixed twisted curve D and d ∈ 1
e
Z≥0, Qmapd(D,X) will denote
the substack of Hom(D,X) parameterizing quasimaps [u] from D to X
for which deg[u]∗(Lθ) = d.
(i) Boundedness of Qmapd(C,X): Let (C,x) be a twisted curve and
choose a projective 1-dimensional variety C˜ with a degree lC finite flat
morphism C˜ → C (see [24]). By pullback, there is a natural morphism
Hom(C,X) → Hom(C˜,X). Since C˜ → C is fppf, by the effective
descent for principal G-bundles and morphisms we see that
Hom(C,X) ∼= Hom(C˜,X)×Hom(C˜×C C˜,X) Hom(C˜,X).
On the other hand, by Theorem 3.2.4 of [12] (applied to the normal-
ization of C˜) the moduli stack QmaplCd(C˜, X) is quasi-compact. It
follows that the stack Qmapd(C,X) is quasi-compact.
(ii) Boundedness of the domain curves: The boundedness of topo-
logical types of coarse moduli spaces of possible domain curves follows
from (2.3) and hence we obtain the boundedness of the possible domain
twisted curves.
Now the quasi-compactness of Qεg,k(X, d) follows from (i) and (ii):
First, for each (C,x) ∈Mtwg,k(C), using (i), we take a finite type scheme
U(C,x) smooth over Q
ε
g,k(X, d) containing all quasimaps with the do-
main curve (C,x). Next, by (ii) there is a finite collection {U(C,x)}(C,x)
surjectively covering Qεg,k(X, d).
Remark 2.9. The boundedness of Qεg,k(X, d) implies that there are only
finite many β ∈ Eff(W,G, θ) with β(Lθ) = d.
2.4.4. Properness. To prove the properness of Qεg,k(X, β) → X0, it is
enough to check the valuative criterion with discrete valuation rings
since the stack is already shown to be of finite type over C. It is
straightforward to see that the valuative criterion for separatedness
follows from an argument identical to the one given in [8, §4.1].
Once we know the existence of [u]reg from Corollary 2.6, the valu-
ative criterion of properness can be checked by the proof of Theorem
7.1.6 in [12]. The argument requires the properness of the moduli stack
Kg,n(X, β) of twisted stable maps, which is due to Abramovich and Vis-
toli [3]. There is a slight modification as follows. In the proof of [12,
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Theorem 7.1.6], we need to contract unstable rational tails attached
to the central fiber of a completed twisted curve Ĉ over a nonsingu-
lar curve (∆, 0). Those rational tails might have stacky nodal points.
When we contract such unstable rational tails, we remove the stack
structure of such nodes to make the rational tails (−1)-curves and
then we contract those (−1)-curves.
2.4.5. Obstruction Theory. This part is identical to the corresponding
one in [12]. If we write
BuntwG := HomMtwg,k(C, BG×M
tw
g,k)
which is smooth over Mtwg,k since the obstruction vanishes (see, e.g.,
[12, Proposition 2.1.1] for the vanishing of the obstruction), there is a
natural forgetful morphism σ : Qεg,k(X, β) → Bun
tw
G . We describe a
canonical σ-relative obstruction theory.
Let π : C → Qεg,k(X, β) be the universal curve. The universal mor-
phism [u] : C → X = [W/G] induces the universal principal G-bundle
P → C by the pullback of the principal G-bundle W → [W/G] (here
P is an algebraic space over C since [u] is representable). In turn, this
determines the universal fiber bundle
ρ : P ×G W := [P ×W/G]→ C
and the universal section u : W → P ×G W of ρ. This is summarized
in the diagram:
P ×G W ρ
// C π
//
[u]

u
qq
Qεg,k(X, β) σ
// BuntwG
[W/G].
Let Tρ be the relative tangent complex of ρ. The σ-relative obstruc-
tion theory is given by the complex (R•π∗u∗Tρ)∨. As shown in Theorem
4.5.2 of [12], this complex is two-term perfect if W is LCI and W s is
smooth.
From now on we will assume that W is LCI and W s = W ss is
smooth.
Note that there are quasi-isomorphisms
R•π∗ (P ×G g ∼= u∗(P ×G (g⊗OW ))) ≃ (σ∗LBuntwG /Mtwg,k [1])
∨
and Tρ ≃ P ×G TW .
Note also that on W there is a natural distinguished triangle
g⊗OW → TW → T[W/G]|W .
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Therefore, we obtain the perfect obstruction theory
(R•π∗[u]∗T[W/G])∨
for Qεg,k(X, β) relative to the pure dimensional, smooth stack M
tw
g,k as
in [8, §5.3]. Further, the two relative perfect obstruction theories deter-
mine the same absolute perfect obstruction theory on Qεg,k(X, β) and
the virtual classes associated to all three obstruction theories coincide.
2.5. Basic Properties and Variants.
2.5.1. Expected dimension. Since the e´tale gerbe markings are away
from base locus for ε-stable quasimaps, there are natural evaluation
morphisms
evi : Q
ε
g,k(X, β)→ I¯µX, ((C, x1, ..., xk), [u]) 7→ [u]|xi i = 1, ..., k,
to the rigidified cyclotomic inertia stack I¯µX of the DM-stack X , as ex-
plained in [1, §4.4]. The stack I¯µX , which parameterizes representable
maps from gerbes banded by finite cyclic groups to X , is a smooth
(resp. proper) stack over C if X is a smooth (resp. proper) stack over
C (see [1, Corollary 3.4.2]).
Let
∐
c∈RXc denote the connected component decomposition of I¯µX
for some index set R and, for ci ∈ R, i = 1, ..., k, let
Qεg,k(X, β; c1, ..., ck) := (
∏
i
evi)
−1(
∏
i
Xci).
Its virtual dimension is
(2.5) k + (1− g)(dimX − 3) + β(detT[W/G])−
k∑
i=1
ageXci
by Riemann-Roch for twisted curves ([1, Theorem 7.2.1]). The age is
defined as follows. Let (x¯, g) be a geometric point of Xc, with r the
order of g ∈ Aut(x¯). The age of Xc is
r−1∑
j=0
j
r
dimEj
where Ej is the eigenspace of Tx¯X of the induced µr-action with eigen-
value e2π
√−1j/r.
2.5.2. Trivializations of gerbe markings. As in [1, §6.1.3], one may con-
struct the moduli stacks whose objects over a scheme S are S-families
of ε-stable quasimaps with sections of the gerbe markings. We will not
use these stacks.
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2.5.3. Graph spaces. For g, k ≥ 0 and ε ≥ 0+, define the graph space
QGεg,k,β(X) to be the moduli stack of ε-stable graph quasimaps. By a
(resp. prestable) graph quasimap we mean the data
((C, x1, ..., xk), P, [u] := ([u]1, [u]2))
with ((C, x1, ..., xk), [u]1) a k-pointed, genus g (resp. prestable) quasimap
to X and a map [u]2 : C → P1 for which [u]2 : C → P1 is a degree 1
map, that is, there is a unique component of C isomorphic to P1 under
[u]2. For ε ∈ Q>0, the ε-stability for a prestable graph quasimap is
defined by imposing the requirements that
(2.6) ωC(
∑
xi)⊗ (φ∗([u]
∗
1Lθ)
e)ε/e ⊗ [u]2
∗OP1(3) is ample
and that
(2.7) εl(x) ≤ 1, for every C-point x ∈ C.
Again, l(x) in (2.7) is the length of the quasimap at x defined in
[12, §7.1]. When the requirement (2.6) is true for every small enough
ε ∈ Q>0, we say that the graph quasimap is (0+)-stable (the length
inequality imposes no condition and is discarded for ε = 0+).
For ε ∈ [0+,∞), by the same argument as in §2.4, QGε0,k,β(X) is a
finite type, proper DM-stack over X0. The universal family of ε-stable
graph quasimaps consists of the universal principal bundle P on the
universal curve π : C −→ QGεg,k,β(X) and the universal map
u = (u1, [u2]) : C −→ (P ×G W )× P
1,
with u1 the universal section of ρ : P ×G W −→ C. If we let
ρ˜ : (P ×G W )× P
1 → C
be the composition of ρ with the projection to the first factor, then the
perfect obstruction theory relative to BuntwG remains of the same form
(R•π∗u∗Tρ˜)∨.
2.5.4. Localization. Assume W has an action by an algebraic torus T ,
commuting with the G-action. This induces T -actions on X , X , X0,
I¯µX , and on the moduli spaces Q
ε
g,k(X, β). In this situation, there is a
T -equivariant embedding ofQεg,k(X, β) into a smooth Deligne-Mumford
stack. The argument from §6.3 of [12] works. Therefore we may apply
the virtual localization theorem of [19] to Qεg,k(X, β) and QG
ε
g,k,β(X).
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2.5.5. Orbifold quasimaps with weighted markings. The results of §2.3,
§2.4 also provide the extension to orbifold targets of the theory of
quasimaps with weighted markings developed in [11].
Let θ0 be the minimal integral character on the ray θ ·Q>0 ⊂ χ(G)Q
in the character group of G with Q-coefficients. Then the ε-stability
condition on quasimaps can be interpreted as stability with respect to
the rational character εθ0, see Definition 2.6 and Proposition 2.7 (i) in
[11].
Now for ε ∈ Q>0 ∪ {0+} and δ1, . . . , δm ∈ (Q>0 ∩ (0, 1]) ∪ {0+},
consider the rational character
θ := εθ0 +
∑
δj idC∗
of the group G × (C∗)m. Then the moduli space of genus g, ε-stable
quasimaps of class β to X , with k usual markings and m markings
weighted by δ1, . . . , δm, is identified with the moduli stack
Qθg,k([W
ss/G]× [Css/C∗]m, (β, 1, . . . , 1))
constructed in §2.3. Note that the domain curves carry nontrivial stack
structure only at nodes and at the usual markings.
An important special case considered in [11] is when δ1 = · · · =
δm = δ for some δ ∈ (Q>0∩ (0, 1])∪{0+}. This gives a theory with two
stability parameters (ε, δ), for which the corresponding moduli stacks
are denoted Qε,δg,k|m(X, β).
Similarly, there are graph spaces with weighted markings.
By Theorem 2.7, the moduli spaces with weighted markings are DM
stacks, proper over the affine quotient, and carrying the canonical per-
fect obstruction theory for LCI W .
3. Quasimap Theory
3.1. Quasimap Invariants. We extend the quasimap theory for the
orbifold case (X = [W/G], X = [W ss/G]), closely following [1, 12,
9]. Fix an algebraic torus T action on W , commuting with the given
G action. We allow the case when T is the trivial group. Assume
that the T fixed locus XT0 of the affine quotient X0 is a finite set
of points. Let K := Q({λi}) be the rational localized T -equivariant
cohomology of SpecC, with {λ1, . . . , λrank(T )} corresponding to a basis
for the characters of T . The Novikov ring is defined to be
ΛK := K[[Eff(W,G, θ)]].
We write qβ for the element corresponding to β in ΛK so that ΛK is
the q-adic completion. We denote by qΛK the maximal ideal generated
by qβ, β 6= 0.
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Let {γi} be a basis of the T -equivariant Chen-Ruan cohomology of
X ,
H∗CR,T (X,Q) := H
∗
T (I¯µX,Q)
and let {γi} be the dual basis “with respect to the Poincare´ pairing in
the non-rigidified cyclotomic inertia stack IµX of X” in the sense that
〈γi, γ
j〉orb :=
∫
∑
r∈N≥1
r−1[I¯µrX]
γi · ι
∗γj = δji ,
with ι the involution of I¯µX obtained from the inversion automor-
phisms. Note that
∞∑
r=1
r[∆I¯µrX ] =
∑
i
γi ⊗ γ
i in H∗(I¯µX × I¯µX,Q),
where the diagonal class [∆I¯µrX ] is obtained via push-forward of the
fundamental class by (id, ι) : I¯µrX → I¯µrX × I¯µrX .
Define ψi to be the first Chern class of the universal cotangent line
whose fiber at ((C, x1, ..., xk), [u]) is the cotangent space of the coarse
moduli C of C at i-th marking xi. For non-negative integers ai and
classes αi ∈ H
∗
T (I¯µX,Q), t =
∑
j tjγj with formal variables tj , we write
〈α1ψ
a1 , ..., αkψ
ak〉εg,k,β :=
∫
[Qεg,k(X,β)]
vir
∏
i
ev∗i (αi)ψ
ai
i ;
〈〈α1ψ
a1 , ..., αkψ
ak〉〉εk,β :=
∑
m≥0
1
m!
〈α1ψ
a1 , ..., αkψ
ak , t, ..., t〉εg,k+m,β;
〈〈α1ψ
a1 , ..., αkψ
ak〉〉εk :=
∑
β,m
qβ
m!
〈α1ψ
a1 , ..., αkψ
ak , t, ..., t〉εg,k+m,β
∈ ΛK [[{tj}j]].
We may also define quasimap Chen-Ruan classes. Write
(3.1) (e˜vj)∗ = ι∗(rj(evj)∗),
where rj is the order function of the band of the gerbe structure at the
marking j. Define a class in HT∗ (I¯µX) ∼= H
∗
T (I¯µX) by
〈α1, ..., αk,−〉
ε
g,β := (e˜vk+1)∗
(
(
∏
ev∗i αi) ∩ [Q
ε
g,k(X, β)]
vir
)
=
∑
i
γi〈α1, ..., αk, γi〉
ε
g,k+1,β.
Since the evaluation maps are proper, these are well-defined without
T -localization, even when the coarse moduli space X is not projective.
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3.2. Jε-function. As in [8, 9], we use C∗-residues on graph spaces to
define Jε-functions. However, simply copying [9, Definition 5.1.1] in
the orbifold setting would give a function with values in the untwisted
sector H∗T (X). To ensure that the J
ε-functions take values in the full
Chen-Ruan cohomology of X , including the twisted sectors, we will use
instead graph spaces with an extra marking.
First of all, we fix a C∗ action on P1 given by
t[ζ0, ζ1] = [tζ0, ζ1],
for t ∈ C∗, [ζ0, ζ1] ∈ P1. We consider QGεg,k,β(X) with the induced C
∗
action as well as the induced T action. This gives rise to the canonical
T × C∗-equivariant perfect obstruction theory on QGεg,k,β(X) via the
action of T × C∗ on the tangent complex TX ⊠ TP1 .
We use the same notation for the evaluation maps on graph spaces
evi : QG
ε
g,k,β(X)→ I¯µX × P
1, i = 1, ..., k.
Let z denote the C∗-equivariant Euler class of the line bundle associated
to the fundamental representation space of C∗.
We define T × C∗-equivariant invariants on the graph spaces as fol-
lows: for σj ∈ H
∗
T (I¯µX) ⊗ H
∗
C∗(P
1), t ∈ H∗T (I¯µX) ∼= H
∗
T (I¯µX) ⊗ 1 ⊂
H∗T (I¯µX)⊗H
∗
C∗(P
1)
〈σ1, ..., σk〉
QGε
k,β :=
∫
[QGε0,k,β(X)]
vir
∏
i
ev∗i (σi);
〈〈σ1, ..., σk〉〉
QGε
k,β :=
∑
m≥0
1
m!
〈σ1, ..., σk, t, ..., t〉
QGε
k+m,β;
〈〈σ1, ..., σk〉〉
QGε
k :=
∑
β,m
qβ
m!
〈σ1, ..., σk, t, ..., t〉
QGε
k+m,β.
The integration is understood as equivariant push-forward to SpecC,
hence 〈σ1, ..., σk〉
QGε
k,β ∈ K[z] and the double brackets are elements of
K[[z]][[Eff(W,G, θ)]][[{ti}i]].
In what follows, for an integer k ≥ 0, [k] will mean the index set
{1, ..., k}. Let F := QGε0,[k]∪{⋆},β(X)
C∗ denote the C∗-fixed substack
of QGε0,[k]∪{⋆},β(X) (the maximal closed substack fixed by the action
of every element of C∗). If (C, x⋆,x, [u]) is a C∗-fixed ε-stable graph
quasimap, then on the coarse curve of the distinguished component of
C we must have that [u]reg is a constant map to X . The base locus of
[u], if nonempty, must be over 0 := [0, 1] or ∞ := [1, 0] in the target
P1. The same is true for the markings (x⋆,x).
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As in [9, §4.2], there are “components” FA1,β1A2,β2 of F corresponding
to distributions of the markings and of the class β over 0 and ∞: for
A1
∐
A2 = [k] ∪ {⋆} and β1 + β2 = β, the closed substack F
A1,β1
A2,β2
parameterizes C∗-fixed ε-stable graph quasimaps for which markings
in A1 and the class β1 are supported over 0, while A2, β2 are supported
over ∞. In particular, we have a distinguished C∗-fixed part F k,β⋆,0 of
QGε0,[k]∪{⋆},β(X). This closed substack F
k,β
⋆,0 consists of ε-stable graph
quasimaps ((C, x⋆,x), [u]) such that only the marking x⋆ is over ∞
while the markings in [k] and the entire class β are over 0 ∈ P1.
Let η0, η∞ be the C∗-equivariant classes of P1 defined by the property
η0|0 = z, η∞|∞ = −z, η0|∞ = 0 = η∞|0.
Definition 3.1. 1. Define the Jε-function by
Jε(t, q, z) :=
∑
β∈Eff(W,G,θ),k≥0
qβ( ˜prI¯µX ◦ ev⋆)∗(ev⋆)∗(η∞)∏ki=1 ev∗i (t)
k!
[F k,β⋆,0 ]
vir
eC∗×T (Nvir
F k,β⋆,0 /QG
ε
0,[k]∪{⋆},β
(X)
)
 ,
where prX denotes the projection to X from X × P
1 and the notation
( ˜prI¯µX ◦ ev⋆)∗ is as defined in (3.1). The localization residue is taken
as a sum over the connected components of F k,β⋆,0 .
2. Define the Sε-operator by
Sεt (z)(γ) :=
∑
i
γi〈〈
γi
z − ψ
, γ〉〉ε0,{•,⋆}
:= γ +
∑
β 6=0or k≥1
qβ(e˜v•)∗
(
(ev⋆)
∗(γ)
z − ψ•
∏k
i=1 ev
∗
i (t)
k!
∩ [Qε0,[k]∪{•,⋆}(X, β)]
vir
)
= γ +O(1/z).
Remark 3.2. (1) It is straightforward to check that the definitions
of Jε and Sε agree with those given for the same objects in [8, 9]
when X becomes a scheme.
(2) As noted before, properness of the evaluation maps implies that
Jε and Sε are well-defined without T -localization for all targets.
(3) When β = 0 the moduli spaces coincide for different values of
ε. Hence Jε(t, q, z), Sεt (z) modulo q do not depend on ε.
(4) Consider Givental’s symplectic space
HX := H
∗
T (I¯µX)⊗Q K((z
−1))[[Eff(W,G, θ)]].
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The series Jε is an element of HX [[{tj}j ]] and the operator S
ε
t
may be viewed as a family (parametrized by the formal variables
tj) of endomorphisms of HX .
3.3. Factorization. For an Artin stack Y over C, a twisted curve
C (with some gerbe markings) over C and β ∈ HomZ(PicY ,Q), we
denote by Homrepβ (C,Y) the substack of HomSpecC(C,Y) consisting of
representable 1-morphisms C → Y with class β.
Let µr be the group of r-th roots of unity. We will consider a special
twisted curve
Cr,−r := [P1/µr]
where µr acts P1 by s · [ζ0, ζ1] = [sζ0, ζ1] for s ∈ µr, [ζ0, ζ1] ∈ P1.
Lemma 3.3. Let Y be a DM stack over C.
(1) Consider a representable morphism [u] := ([u]1, [u]2) from a
genus 0 irreducible twisted curve (C, x1, x2) over a scheme S
to Y × P1 sending x1 to 0 and x2 to ∞ under [u]2, with class
(0, [P1]). Then for some positive integer r, C is canonically
isomorphic to Cr,−r × S with [u]2 as the coarse moduli space.
(2) The closed substack (prP1 ◦ ev1)
−1(0) ∩ (prP1 ◦ ev2)
−1(∞) of
K0,2(Y × P1, (0, [P1])) is isomorphic to the Hom stack
Homrep0 (Cr,−r, Y )
parameterizing representable 1-morphisms from Cr,−r to Y with
class 0.
(3) The stack Homrep0 (Cr,−r, Y ) is isomorphic to the cyclotomic in-
ertia stack IµY of Y , compatible with the rigidification map
IµY → I¯µY and the two evaluation maps (with the involution).
Here prP1 denotes the projection to P
1 from Y × P1.
Proof. For 1): By [1, Theorem 4.2.1], it is enough to show the case
when S = SpecC. We may assume that Y = BΓ for some finite group
Γ. Denote by x¯i the geometric points associated to the gerbes xi. The
monodromies of the induced Γ-bundle on an e´tale chart of C around
x¯i are exactly the homomorphisms Aut(x¯i)→ Aut(Y ) = Γ, where Y is
the C-point of Y . Since the homomorphisms are monomorphisms, we
are done.
For 2): There is a natural functor Φ from Homrep0 (Cr,−r, Y ) to D :=
(prP1◦ev1)
−1(0)∩(prP1◦ev2)
−1(∞). It is essentially surjective by (1). It
is clearly faithful. Given an arrow (ϕ, α) in D between objects (Cr,−r×
S, [u]) and (Cr,−r × S, [u′]) over a scheme S, i.e., an 1-isomorphism
ϕ : Cr,−r × S → Cr,−r × S over S with a 2-morphism α : [u]⇒ [u′] ◦ ϕ,
first note that there is a unique 2-morphism σ : ϕ ⇒ idCr,−r×S. Now
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define α′ := [u′](σ) ◦ α so that σ : (ϕ, α)⇒ (idCr,−r×S, α
′). This shows
that the functor Φ is full.
For 3): Every object [P1/µr]×S → Y in Hom
rep
0 (Cr,−r, Y ) is factored
through a unique representable morphism Bµr × S → Y given by
one of sections of the inclusions x1, x2 ⊂ [P1/µr] × S. This yields a
functor Homrep0 (Cr,−r, Y )→ IµY . In fact, this functor is an equivalence
according to the definition [1, Definition 3.2.1] of IµY . 
Our next goal is to prove the following factorization of graph quasimap
double brackets.
Proposition 3.4. Let γ, σ ∈ H∗T (I¯µX). Then
〈〈γ ⊗ η0, δ ⊗ η∞〉〉
QGε
{⋆1,⋆2} =
∑
〈〈γ,
γi
z − ψ
〉〉ε0,{⋆1,•}〈〈
γi
−z − ψ
, δ〉〉ε0,{•ˇ,⋆2}
(3.2)
We will use C∗-localization, as in the proof Proposition 5.3.1 of [9].
To this end, we first establish a factorization of the virtual classes of
the C∗-fixed loci FA1,β1A2,β2 .
We use 0 and ∞ to label the two markings ⋆1, ⋆2 by abusing nota-
tion. Let Dtw(A1, A2) denote the locally finite type smooth Artin stack
parameterizing genus 0 nodal twisted curves with two distinguished
nodes, splitting the curve into three twisted curves (C1, A1 ∪ {•}),
(Cr•,−r•ˇ, {•, •ˇ}), and (C2, A2∪{•ˇ}), together with sections of the gerbes
•, •ˇ (see [1, §5.1]). Here (Cr•,−r•ˇ , {•, •ˇ}) denotes Cr,−r for r=the index
of the band of the gerbe •.
Let A1
∐
A2 = [k] ∪ {0,∞}. Assume 0 ∈ A1, ∞ ∈ A2. Below,
the unstable terms Qε0,{0,•},β1=0(X), Q
ε
0,{∞,•ˇ},β2=0(X) are understood as
I¯µX .
Consider the commuting diagram:
Q(A1, A2, β)
Ψ1
∼=
//

FA1,A2,β

// QGεβ

Dtw(A1, A2)
Ψ2
∼=
//Mtw,C
∗
A1,A2
//Mtw0,k(P
1, [P1]),
where
Q(A1, A2, β) :=
∐
β1+β2=β
Qε0,A1∪{•},β1(X)×I¯µX IµX ×I¯µX Q
ε
0,A2∪{•ˇ},β2(X);
FA1,A2,β :=
∐
β1+β2=β
FA1,β1A2,β2 ;
QGεβ := QG
ε
0,k,β(X).
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Further,
Mtw0,k(P
1, [P1]) ⊂ HomMtw0,k(C,P
1 ×Mtw0,k)
is the (locally finite type and smooth) Artin stack of k-pointed, genus
0, twisted (not necessarily stable) maps to P1 with class [P1], while
Mtw,C
∗
A1,A2
is the part of the C∗-fixed closed substack of Mtw0,k(P
1, [P1]) for
which the markings in A1 are over 0 and the markings in A2 are over
∞.
The vertical arrows are the natural morphisms obtained by forgetting
the mapping data to X.
The two right horizontal arrows are the inclusions of the maximal
C∗-fixed closed substacks into their ambient stacks.
The two left horizontal arrows Ψ1,Ψ2 are obtained from gluing mor-
phisms, constructed as follows. By Lemma 3.3, an object inQ(A1, A2, β)
can be considered as a triple
((C1,xA1 , x•), [u]1), ((C0, x•ˇ, x•), [u]0), ((C1, x•ˇ,xA2), [u]2)
of ε-stable quasimaps to X , ε-stable graph quasimaps to X , ε-stable
quasimaps to X , respectively, with isomorphisms x• ∼= x•ˇ inverting the
band structures (for each “join”). With these isomorphisms we glue
C1, C0, C2 along x•, x•ˇ to get a twisted curve over S:
C1 x•∐x•ˇ C0 x•∐x•ˇ C2
(see [1, §A] for gluing of Artin stacks along closed substacks). By the
co-cartesian property the mapping data [u]1 : C1 → X (followed by the
inclusion X ∼= X× [0, 1] ⊂ X× P1), [u]0 : C0 → X × P1, [u]2 : C2 → X
(followed by the inclusion X ∼= X× [1, 0] ⊂ X× P1) can be glued. This
explains Ψ1. The construction of Ψ2 is similar. By investigating the
formal deformation spaces we note that Ψ2 is an 1-isomorphism. So is
Ψ1, since the left square in the diagram is cartesian.
Proposition 3.5. Let
∆2 : I¯µX × I¯µX → (I¯µX × I¯µX)× (I¯µX × I¯µX)
be the product of the diagonal map (id, ι) : I¯µX → I¯µX × I¯µX. Then
[FA1,A2,β]
vir =
∑
A1
∐
A2=[k],β1+β2=β
∆!2([Q
ε
0,A1∪{•}(X, β1)]
vir × [IµX ]× [Q
ε
0,A2∪{•ˇ}(X, β2)]
vir).
Proof. First note that Mtw0,k(P
1, [P1]) is smooth over Mtw0,k so that there
is a canonical quasi-isomorphism
(LMtw0,k(P1,[P1])|Mtw,C
∗
A1,A2
)C
∗-fixed ∼= L
M
tw,C∗
A1,A2
.
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Therefore, if we denote by E the absolute perfect obstruction theory
for QGεβ, then the C
∗-fixed part of the distinguished triangle
E|FA1,A2,β
→ (R•π∗[u1]∗TX)∨ → LMtw0,k(P1,[P1])|FA1,A2,β [1]
yields the compatible absolute and relative perfect obstruction theories.
By the normalization sequence of nodal curves with distinguished nodes
and the tangent bundle lemma [1, Lemma 3.6.1], we can apply the
functoriality from [4, Proposition 7.5] to complete the proof. 
Proof of Proposition 3.4. We compute the Euler class of the virtual
normal bundle of FA1,A2,β in QG
ε
β when 0 ∈ A1, ∞ ∈ A2. Assume
βi 6= 0, i = 1, 2. Then the Euler class comes from two contributions:
(1) the moving part of the deformation of u2 : C → P1;
(2) the moving part of the deformation and the infinitesimal auto-
morphism of (C,x).
Part (1) contributes z (respectively, contributes −z) for each con-
nected component of C \ C0 contracted to 0 (respectively, contracted
to ∞) under [u]2.
Part (2) has contributions exactly from Tp¯iC1⊗ Tp¯0,iC0 for each sep-
arating node p¯i of C (here p¯i are the geometric points associated to the
separating node). The contributions are z−ψ•
r
for p¯1 and
−z−ψ•ˇ
r
for p¯2
if r = |Aut(p¯i)|.
When β1 = 0, |A1| = 1 and β2 6= 0 or |A2| > 1 there is no con-
tribution z−ψ•
r
; this is exactly the case when the separating node p¯1
disappears. Similarly, when β2 = 0, |A2| = 1 and β1 6= 0 or |A1| > 1,
then the separating node p¯i, respectively i = 1, 2 disappears and there is
no contribution −z−ψ•ˇ
r
. Finally, when β1 = β2 = 0 and |A1| = |A2| = 1
both separating nodes disappear and there is neither contribution z−ψ•
r
nor −z−ψ•ˇ
r
.
The factorization expression (3.2) is immediate by this analysis,
Proposition 3.5, and the contributions of η0 and η∞. 
Lemma 3.6. Fix ε ∈ Q>0. The Jε-function of X = [W ss/G] takes the
form
Jε(t, z) = 1X +
t
z
+
∑
0<β(Lθ)≤1/ε
qβ( ˜prI¯µX ◦ ev⋆)∗
(−z)[F ∅,β⋆,0 ]
vir
eC∗×T (Nvir
F ∅,β⋆,0 /QG
ε
0,{⋆},β
(X)
)
+
∑
(β 6=0,k≥1) or
(β(Lθ)>1/ε,k=0)
qβ(e˜v•)∗
∏k
i=1 ev
∗
i (t) ∩ [Q
ε
0,[k]∪{•}(X, β)]
vir
k!z(z − ψ•)
,
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where 1X is the fundamental class of X on the untwisted sector. Here
again the localization residue is taken as a sum over the connected
components of F ∅,β⋆,0 .
Proof. The first term is from the case (k = 0, β = 0). In this case,
r = 1 by Lemma 3.3 (1). Thus, (F 0,0⋆,0 , QG
ε
0,⋆,0(X)) = (X ×∞, X ×P
1).
This explains the first term.
The second term is from the case (k = 1, β = 0). By Lemma 3.3
(2), ev⋆ : F
1,0
⋆,0 → I¯µX is nothing but ̟ : IµX → I¯µX under a suitable
identification of F 1,0⋆,0 = IµX . Since the degree of IµrX → I¯µrX is 1/r,
we obtain the second term.
The third sum is from the case k = 0 and 0 6= β(Lθ) ≤ 1/ε.
The last sum follows from the case when there is a separating node
over [0, 1] ∈ P1, i.e., k ≥ 1 or β > 1/ε except (k, β) = (1, 0). By
Proposition 3.5 with one separating node over [0, 1] and the analysis of
the virtual normal bundle in the proof (3.2), the last sum is immediate.

Lemma 3.6 shows that J∞ coincides with the J-function J defined in
[31] after identifying H∗(IµX) and H∗(I¯µX) by pullback (not by push-
forward): ̟∗(zJ∞) = J , where ̟ denotes the rigidification IµX →
I¯µX .
3.4. Unitarity of Sε. The following Proposition says that the opera-
tors Sεt are symplectic transformations on Givental’s symplectic space
HX .
Proposition 3.7. Consider the operator
(Sε)⋆t (−z)(γ) :=
∑
i
γi〈〈γ
i,
γ
−z − ψ
〉〉ε0,{⋆,•} = γ +O(1/z).
Then
(Sε)⋆(−z) ◦ Sε(z)(γ) = γ.
Proof. The factorization (3.2), together with the fact that Sε and (Sε)⋆
are of form Id +O(1/z), yields a proof as in [9, Proposition 5.3.1]. 
3.5. The P -series and Birkhoff factorization of Jε. Define the
P ε-series by
P ε(t, q, z) :=
∑
γi〈〈γ
iη∞〉〉
QGε
{⋆} = 1X +O(q),
where the latter equality follows from Lemma 3.3.
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Definition 3.8. We call the triple (W,G, θ) (or the “target” (X, X))
semi-positive if β(detTX) is non-negative for every β ∈ Eff(W,G, θ).
(Note that β(detT[W/G]) = β(det TW ), since the determinant of adjoint
bundle P ×G Lie(G) on the domain curve C has degree zero.)
Theorem 3.9. (1) The following formula holds:
Jε(t, q, z) = Sεt (z)(P
ε(t, q, z)).
(2) The small J-function Jε|t=0 has degree 0 if we set deg z = 1,
deg qβ = β(detTX), and the degrees of cohomology classes of
I¯µX to be the age-shifted complex degrees.
(3) For a semi-positive target (W,G, θ), the following hold.
(a) Jε(t, q, z) takes the form Jε0(q)1X +
1
z
(t+Jε1(q))+O(1/z
2),
for some Jε0(q) = 1 + O(q) ∈ ΛK of degree 0 and J
ε
1(q) ∈
(qΛK)H
≤2(I¯µX,ΛK) of degree 1 with respect to the grading
from (2) above.
(b) P ε(t, q, z) = Jε0(q)1X . In particular
Jε(t, q, z)
Jε0(q)
= Sεt (1X),
t + Jε1(q)
Jε0(q)
=
∑
γi〈〈γ
i,1X〉〉
ε
0,2 − 1X .
(c) Jε0(q)1X is the unity in the ε-quasimap quantum product.
(4) If β(det TX) > 0 for every nonzero Lθ-effective class, then J
ε =
1X +O(1/z).
Proof. The proof of (1) is completely analogous to the case when X
is a nonsingular variety (see [9, Theorem 5.4.1]). Briefly, virtual local-
ization of P ε with respect to the C∗ action on graph spaces yields the
factorization
(3.3) P ε = (Sε)∗(−z)(Jε).
Now apply Sε(z) to both sides of the above equality and use Proposition
3.7.
For (2), note that the virtual dimension of a connected component
of QGε0,1,β landing on Xc under prI¯µX ◦ ev⋆ is, by the formula (2.5),
1 + (dimX+ 1− 3) + β(detTX) + deg[u]
∗
2T
1
P − ageXc,
so that under (prI¯µX ◦ e˜v⋆)∗ after cap with η∞, its usual cohomological
degree becomes −β(det TX)−dimX+ageXc+dimXc. The age shifted
degree of the latter becomes −β(det TX)− dimX + ageXc + dimXc +
ageι(Xc) which is −β(det TX).
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For (3a), note that by (2) and Lemma 3.6, Jε is a series of 1/z.
Considering the equality of (1) modulo 1/z, we conclude that P ε has
only the zero-th power of z and coincides with the zero-th power of z
piece in Jε. The latter is Jε0(q)1X by (2) for some J
ε
0(q) ∈ ΛK .
Claim (3b) follows from (1) and (3a) (see [9, Corollary 5.5.3]). Claim
(3c) follows from the identical proof of [9, Corollary 5.5.4].
Claim (4) is obvious from (2) and Lemma 3.6. 
Remark 3.10. When ε = ∞, combining the relation (3.3) from the
proof of Theorem 3.9 (1) with Lemma 3.6, we obtain
J∞ = S∞(1X).
3.6. ε-wall-crossing. As generalizations of Theorems 7.3.1, 7.3.4 and
Conjecture 6.2.1 of [9], it is natural to make the following conjecture.
Conjecture 3.11. (1) The following formula holds:
Sεt (1X) = S
∞
τ(t)(1X) for τ(t) := t+
∑
β 6=0
qβγi〈〈γ
i,1X〉〉
ε
0,{•,⋆},β.
(2) The following formula holds:
Jε(t, q, z) = Sεt (z)(P
ε(t, q, z)) = S∞τ∞,ε(t)(z)(P
∞,ε(τ∞,ε(t), q, z))
for a unique transformation
t 7→ τ∞,ε(t) ∈ H∗T (I¯µX)⊗Q K[[Eff(W,G, θ)]][[{ti}i]]
and a unique element
P∞,ε(t, q, z) ∈ H∗T (I¯µX)⊗Q K[z][[Eff(W,G, θ)]][[{ti}i]].
In particular, zJε is on the Lagrangian cone of the Gromov-
Witten theory of X defined in [31] (with Novikov variables from
Λ) and if the triple (W,G, θ) is semi-positive, then
Jε(t, q, z)/Jε0(q) = J
∞((t+ Jε1(q))/J
ε
0(q), q, z)
with τ∞,ε(t) = (t+ Jε1(q))/J
ε
0(q) and P
∞,ε(t, q, z) = Jε0(q)1X .
The first main result of the paper is a proof of Conjecture 3.11 in
the presence of a torus action with good properties.
Theorem 3.12. Suppose that there is an action by an algebraic torus
T on W which commutes with the G action and such that the induced
T action on the coarse moduli space X of X has only isolated fixed
points. Then Conjecture 3.11 (1) holds true.
Further, Conjecture 3.11 (2) holds true if we assume in addition
that the 1-dimensional T -orbits are isolated when (W,G, θ) is not semi-
positive.
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3.7. Proof of Theorem 3.12. For X a scheme, the result is con-
tained in [9, Theorems 7.3.1, 7.3.4] and the proof given there also works
for orbifolds. We outline the argument, focusing on the appropriate
changes.
3.7.1. Unbroken quasimaps. (cf. [9, §7.4.3]) For each C-element in
Qε0,2+m(X, β)
T , we say the element is of initial type (resp. of recur-
sion type) if the cotangent T -weight of the first marking at the coarse
domain curve is zero (resp. nonzero). A recursion element is called
unbroken if
αC′,x + αC′′,x = 0
for every node x of the domain curve C connecting C ′ and C ′′, where
αC′,x, αC′′,x are the induced T -weights of the cotangent spaces at x to
the coarse curves C ′ and C ′′. A recursion element is called broken if
there is a node x of the domain curve C connecting C ′ and C ′′ with
αC′,x+αC′′,x 6= 0. Note that the domain curve of an unbroken recursion
element has no components contracted under [u]reg.
Let M be a connected component of Qε0,2(X, β)
T . We call M a
recursion component of Qε0,2(X, β)
T if it contains an unbroken element.
This implies that every element in M is unbroken and is therefore a
two-pointed stable map to X . Hence M is canonically identified with
a connected component of K0,2(X, β)
T .
3.7.2. Recursion. (cf. [9, §7.5]) We divide the connected components
of the T -fixed substack
Qε0,2+m(X, β)
T
into initial types and recursion types, according to whether the first
marking is on a contracted component or not under [u]reg. Every re-
cursion component is of the form M ∼= M ′ ×I¯µXT M
′′, with M ′ an
unbroken component of K0,2(X, β
′) for some β ′ and M ′′ a connected
component of Qε0,2+m(X, β−β
′), such that αM = αM ′ 6= αM ′′ . Here αM ,
αM ′, αM ′′ denote the respective cotangent weights at the first coarse
markings of any element in M , M ′, M ′′.
Let
{ν, ν ′, ...} = I¯µXT
be the finite set of T -fixed C-points of I¯µX and let
iν : ν = SpecC→ I¯µX
be the associated map. For γ ∈ H∗T (I¯µX)⊗ ΛK , denote
(3.4) Sεν(γ) = i
∗
ν(S
ε
t (z)(γ)) ∈ K[[1/z]][[Eff(W,G, θ)]][[{tj}j]].
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Calculating Sεν(γ) by virtual localization and using the above analysis
of Qε0,2+m(X, β)
T to separate the contributions from components of
initial type and the contributions from components of recursion type,
we conclude the following Lemmas, whose proofs are word for word the
same as the proofs of Lemma 7.5.1 and of the Recursion Lemma 7.5.2
in [9].
Lemma 3.13. Each (q, {ti})-coefficient of S
ε
ν is naturally an element
of K(z). Further, this rational function decomposes as a sum of partial
simple fractions with denominators either powers of z, or powers of
(z−α) with −nα a weight of the T -representation on the tangent space
Tν I¯µX for some n ∈ Q>0.
Lemma 3.14. Sεν satisfies the recursion relation
(3.5)
Sεν(z) = R
ε
ν(z) +
∑
M ′∈U(ν)
qβM′
〈
δν
z − αM ′ − ψ0
, Sεν′
M′
,αM′
|z=αM′−ψ∞
〉
M ′
where:
• δν := (iν)∗(1ν).
• U(ν) is the set of all unbroken components M ′ ⊂ K0,2(X, βM ′)T
for varying βM ′ for which the first marking lands on ν via the
evaluation map.
• ν ′M ′ ∈ (I¯µX)
T denotes f(x2) for ((C, x1, x2), f) ∈M
′.
• ψ0, ψ∞ are the nonequivariant Psi classes on M ′ associated to
the markings x1, x2, respectively.
• Rεν(z) is the contribution from all components of initial type
and has the property that each of its (q, {ti})-coefficients is an
element in K[1/z].
• For ν ∈ (I¯µX)
T , Sεν,α(z) denotes the part of S
ε
ν(z) remaining
after the partial fraction terms with poles at z = α are removed.
• The subscript M ′ for the bracket means the T -virtual localiza-
tion contribution of the componentM ′ to the virtual intersection
number on K0,2(X, βM ′).
3.7.3. Uniqueness. Lemmas parallel to Polynomiality Lemma 7.6.1,
Uniqueness Lemma 7.7.1 of [9] hold. We mention the needed minor
modifications.
(1) Instead of XT , we need to use the set of C-points of I¯µXT , i.e.,
{(x, g) : x ∈ XT (C), g ∈ Aut(x)}.
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(2) In the polynomiality formula in Lemma 7.6.1 of [9], the product
between two Sεν now becomes
Sεν(q, t, z)ι
∗(Sεν−1(qe
−zyLθ , t,−z)),
where ν−1 denotes the point obtained from ν after inverting the
band structure, i.e., ν−1 := (x, g−1) for ν = (x, g). Note that
ι∗Sεν−1(q, t, z) = i
∗
νS
ε(q, t, z) = Sεν(q, t, z).
(3) Sεν(q, t, z) modulo q does not depend on ε. (This is observed in
Remark 3.2(3) and replaces condition (5) in Uniqueness Lemma
7.7.1 of [9].)
With these changes in mind, the argument of [9, §7.8, 7.9] applies to
the orbifold setting and provides the proof of Theorem 3.12.
Remark 3.15. (Twisted theories) Let E be a vector bundle on X or,
equivalently, a G-equivariant vector bundle on W (for example, one
could take E = W × E, with E a G-representation). Given an in-
vertible Gm-equivariant multiplicative characteristic class c, we may
define (E , c)-twisted orbifold ε-quasimap invariants exactly as in [12,
§6.2] (here Gm = C∗ acts by scaling in the fibers of vector bundles).
Let c = Euler be the Gm-equivariant Euler class. We then have the
twisted versions of the Jε-functions and of the Sε-operators, see [9,
§7.2].
Let s ∈ Γ(W, E)G be a regular section and let Z ⊂ W be its G-
invariant zero locus. Assume that Zss = W ss ∩ Z is nonsingular. The
bundle E descends to a vector bundle E on X and s descends to a
regular section s of E . The pair (Y := [Zss/G],Y := [Z/G]) (or the
triple (Z,G, θ)) satisfies the conditions of Theorem 2.7 and therefore
has its own quasimap theory. Note that Y is the zero locus of s.
If E is convex (by definition, this means that H1(C, [u]∗E) = 0 for
all genus zero θ-quasimaps [u] : C −→ X), then in genus zero and
after setting to zero the equivariant parameter for the Gm-action, the
(E , Euler)-twisted quasimap theory of X coincides with the quasimap
theory of Y with insertions restricted to Chen-Ruan cohomology classes
pulled-back from I¯µX . This is a consequence of the fact that [12,
Proposition 6.2.2] holds equally in the orbifold case (the same argu-
ment, based on [22], works, see also [16, Proposition 5.1]).
As in [9], the proof of Theorem 3.12 applies also for the (E , Euler)-
twisted theories, essentially because all splitting properties of the vir-
tual classes [Qε0,2+m(X, β)]
vir required for the Recursion and Polynomi-
ality Lemmas continue to hold after twisting. Hence in this situation
Theorem 3.12 gives the wall-crossing formulas for Y under the same
assumptions on the T -action on W .
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Note that, as explained in [16], convexity is a rather restrictive con-
dition on orbifold targets. For example, in the case of a split E = ⊕Lηi
(i.e., Y is a complete intersection in X) the positivity condition of [12,
Proposition 6.2.3(i)] does not suffice to guarantee convexity and has to
be supplemented with the requirement that the line bundles induced
by Lηi on X are pulled-back from the coarse moduli X .
4. I-functions and stacky loop spaces
In this section we introduce (after [11]) a generalization of Givental’s
small I-function and prove that it lies on the Lagrangian cone of the
Gromov-Witten theory of X . We then show that by using certain
“stacky loop spaces” of θ-quasimaps to X, these new I-functions can
be explicitly computed.
4.1. I-functions. Denote by I(t, q, z) the J-function for (0+)-quasimap
theory J0+(t, q, z) and let
I(0, q, z) :=
∑
qβIβ(0, q, z)
be its specialization at t = 0.
Let t =
∑
i tiγi ∈ H
∗
T (X) (in the untwisted sector), with the sum
taken only over those γi which can be written as a polynomial
(4.1) pi(c1(Lηij )) = pi(c1(Lηi1), . . . , c1(Lηimi ))
in divisor classes of the form c1(Lηij ) for some ηij ∈ χ(G).
Definition 4.1.
I(t, q, z) =
∑
β
qβ exp(
1
z
∑
i
tipi(c1(Lηij ) + β(Lηij )z)Iβ(0, q, z).
The specialization of I(t, q, z) to
t = t01X +
∑
tic1(Lηi) ∈ H
≤2
T (X)
for ηi ∈ χ(G) is called Givental’s small I-function and denoted by
IGiv(t, q, z).
The following is the second main result of the paper.
Theorem 4.2. Assume that the T -action on X has isolated T -fixed
points and isolated 1-dimensional T -orbits. Then I(t, q, z) is on the
Lagrangian cone of the Gromov-Witten theory of X.
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Proof. The argument is similar to the proof (under the same assump-
tions on the T -action) of the second part of Theorem 3.12.
By Lemma 6.4.1 of [9], there is a unique transformation
t 7→ τ∞,ε(t) ∈ H∗T (I¯µX)⊗Q K[[Eff(W,G, θ)]][[{ti}i]]
and a unique element
P∞,ε(t, q, z) ∈ H∗T (I¯µX)⊗Q K[z][[Eff(W,G, θ)]][[{ti}i]]
such that
I(t, q, z) = S∞τ∞,s(t)(P
∞,s(t, q, z)) modulo 1/z2.
Now if we let
S1,ν = i
∗
νI(t, q, z),
S2,ν = i
∗
νS
∞
τ∞,s(t)(P
∞,s(t, q, z)),
then it is straightforward to check that the systems {Si,ν | ν ∈ I¯µX
T
},
i = 1, 2 satisfy all the properties in Uniqueness Lemma 7.7.1 of [9]
(replacing W/GT by I¯µX
T
and condition (5) of Uniqueness Lemma
7.7.1 [9] by S1,ν = S2,ν modulo q) so that S1,ν = S2,ν for all ν. More
precisely, we need to check the conditions (1) – (3) of the Uniqueness
Lemma. For {S2,ν}ν this is already done in §3.7. Similarly, §3.7 shows
that {i∗νI(0, q, z)}ν satisfies conditions (1) – (3) (since it is the spe-
cialization of {i∗νS
0+
t (P
0+(t, q, z))}ν at t = 0). From this fact and the
explicit form of the exponential correcting factor, by using the simple
observation
(c1(Lηij ) + β(Lηij )z)|ν,z=αM′ = (c1(Lηij ) + (β − βM ′)(Lηij )z)|ν′M′ ,z=αM′ ,
it follows by a direct check that conditions (1) – (3) continue to hold
for {i∗νI(t, q, z)}ν . 
Remark 4.3. Alternatively, and better, one may use the geometric ar-
guments of §3.7 to show that {i∗νI(t, q, z)}ν satisfies conditions (1) – (3)
in the Uniqueness Lemma 7.7.1 of [9]. We explain this briefly. Con-
sider the quasimap theory with weighted markings from [11], extended
to orbifold targets using §2.5.5. Fix the stability (0+, 0+), that is, the
asymptotic stability with respect to θ and infinitesimally small weights
on the weighted markings. For this theory, we have the J-function
J
0+,0+(t, q, z), the S-operator S0+,0+
t
, and the P -series P 0+,0+(t, q, z),
satisfying the Birkhoff factorization
J
0+,0+(t, q, z) = S0+,0+
t
(P 0+,0+(t, q, z)).(4.2)
Here t ∈ H∗T ([W/G]) is a general element. By §5 of [11], the new
I-function I of Definition 4.1 is identical with J0+,0+(t, q, z) after the
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specialization t =
∑
tiγ˜i where γ˜i is the natural lift of γi = pi(c1(Lηij ))
by taking the Chern class of the corresponding line bundles on [W/G].
Through this identification, the fact that {i∗νI(t, q, z)}ν satisfies condi-
tions (1) – (3) follows from the geometric argument of §3.7 applied to
the right hand side of (4.2).
Remark 4.4. Besides the overlap with the Mirror Theorem for toric
DM stacks proved in [13] (which will be explained in the next section,
see Corollary 5.3.4 (3) and the discussion after it), Theorem 4.1.2 also
overlaps with the work of C. Woodward, [32, 33].
Partly in collaboration with E. Gonzales, Woodward has investigated
the so-called gauged maps from curves to certain G-varieties. We com-
ment briefly on the similarities and differences with quasimap theory.
First, the theory of gauged maps requires a parametrized component in
the domain curve, so it is essentially a genus zero theory, unlike ours.
The gauged maps used by Woodward are in particular representable
maps to [W/G] × P1 of class (β, 1), as are the graph quasimaps from
§2.5.3, or the variant with weighted markings from §2.5.5 of this paper.
However, the stability conditions he considers are quite different from
the ones we employ, so he obtains different compactified graph spaces.
There are also differences in the kind of targets allowed by the two
theories: the results in [32, 33] based on the Gonzales-Woodward theory
allowW to be either a smooth projective variety or a vector space, while
we require W affine, but allow lci singularities.
When comparing the two theories, the moduli spaces that resemble
each other most closely are our genus zero graph spaces with ε = 0+
and infinitesimally weighted markings, and their compactified moduli
spaces of “large area gauged maps”, but even these are not exactly
the same when markings are present. Nevertheless, it appears that the
“localized gauged graph potential” τGX,−(α, ~, q) from Definition 9.13 of
[33] (in the limit ρ → ∞) should be equal to J0+,0+(t = α, z = ~, q).
Therefore Theorem 1.6 of [32], whose proof is now contained in [33],
and our Theorem 4.1.2 should give the same result for the set of targets
they both cover.
Note, however, that there is an incompatibility in the sample calcula-
tion for toric manifolds in [33, Example 9.1.5]: the equality τGX,−(α, ~, q) =
exp(α/~)τG,0X,−(~, q) is not compatible with Theorem 1.6 of [32, 33] since
the right-hand side does not satisfy Givental’s recursion and therefore
cannot lie on the Lagrangian cone of the Gromov-Witten theory of X ,
while Woodward’s Theorem 1.6 states that the left-hand side is on the
Lagrangian cone.
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4.2. Stacky loop spaces. In view of (the semi-positive case of) The-
orem 3.12 and Theorem 4.2, it is important to compute explicitly the
function I(0, q, z) = J0+|t=0. For this purpose, we construct another
quasimap graph space. When X is a weighted projective space, this
construction already appeared in [15].
Denote by Pa,1 the quotient stack [C2 \ {0}/C∗] where C∗ acts on C2
by weights a and 1. Note that 0 := [0, 1] is a schematic point, while
∞ := [1, 0] ∼= Bµa is a stacky point for a > 1.
For a positive integer a and β ∈ HomZ(Pic(X),Q), define
QPa,1(X, β) ⊂ Hom
rep
β (Pa,1,X)
to be the moduli stack of all θ-quasimaps [u] from Pa,1 to X = [W/G].
This means that [u] ∈ QPa,1(X, β) is a representable morphism to X,
mapping the generic point of Pa,1 into X . However, the stacky point
∞ = [1, 0] is allowed to be mapped to the unstable locus X \X .
Proposition 4.5. The stack QPa,1(X, β) is a DM stack proper over
X0, equipped with a canonical perfect obstruction theory R
•π∗[u]∗T∨X.
Proof. Since it is a substack of HomSpecC(Pa,1,X), by Proposition 2.11
of [25], it is an Artin stack of locally finite type over C. By the bound-
edness Theorem 3.2.4 of [12], it is of finite type over C. The defor-
mation/obstruction theory is clearly given by R•π∗[u]∗T∨X and by the
quasimap condition, there is no infinitesimal automorphism so that the
stack is a DM stack. The only remaining part is to show the stack is
proper. As before, we use the valuative criterion for properness. For
a = 1, this is known by [12]. For a > 1, the argument in [12] applied
on e´tale charts of Pa,1 works. 
The following lemma gives a condition on a which is necessary for
the non-emptiness of QPa,1(X, β).
Lemma 4.6. Let T (G) denote a maximal torus of G. Every mor-
phism [u] ∈ Homβ(Pa,1,X) induces a canonical homomorphism β˜ :
χ(T (G)) → Q, well-defined up to the Weyl group action on the char-
acter group χ(T (G)). Furthermore, [u] is representable if and only if a
is the minimal positive integer making aβ˜(η) ∈ Z for all η ∈ χ(T (G)).
Proof. Every [u] : Pa,1 = [C2 \ {0}/C∗]→ X = [W/G] is the restriction
of a unique morphism [C2/C∗] → [W/G]. The latter induces a mor-
phism BC∗ → BG or, equivalently, a group homomorphism λ : C∗ → G
unique up to conjugacy classes. We may assume that λ is factored
through the inclusion T (G) ⊂ G. Define β˜ ∈ Hom(χ(T (G)),Q) by
β˜(η) =
the exponent of (η ◦ λ)
a
∈ Q.
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Note that the map [u] is representable if and only if λ|µa is a monomor-
phism, where we identify
µa = 〈ξ〉 ⊂ C
∗, ξ := e2π
√−1/a.
Let k be the smallest integer for which ξk ∈ Kerλ|µa and 0 < k ≤ a.
This means that k is the smallest integer among 0 < k ≤ a such that
kβ˜(η) ∈ Z, ∀η. Thus, λ|µa is a monomorphism if and only if a is the
minimal positive integer making aβ˜(η) ∈ Z, ∀η. 
Remark 4.7. Let the quasimap [u] : Pa,1 → [W/G] be given by the data
(Pa,1, P, u). By the extension of Grothendieck’s theorem (see Theorem
2.4 and Theorem 2.7 in [27]), the principal G-bundle P has a reduction
PT (G) to the maximal torus T (G), whose isomorphism class is unique
up to the action of the Weyl group. The data (Pa,1, PT (G), u) gives a
quasimap
[˜u] : Pa,1 −→ [W/T (G)]
which lifts [u]. It follows that, up to the Weyl group action, the asso-
ciated numerical class
β
[˜u]
: Pic([W/T (G)])→ Q
is uniquely determined by [u]. It is immediate to see that the homo-
morphism β˜ in Lemma 4.6 is the restriction of β
[˜u]
to χ(T (G)).
For β ∈ Eff(W,G, θ), denote
QP•,1(X, β) =
∐
1≤a≤e
QPa,1(X, β)
with the induced absolute perfect obstruction theory (R•π∗[u]∗TX)∨.
Let Fβ be the distinguished C∗-fixed closed substack of QP•,1(X, β)
consisting of elements which have a single base-point of length β(Lθ)
at the point [0, 1] of Pa,1 (i.e., the class β is exactly supported at [0, 1]).
For simplicity we write QG := QG0+0,⋆,β(X), QP•,1 := QP•,1(X, β).
Lemma 4.8. (1) There is a natural isomorphism between an open
neighborhood of F ∅,β⋆,0 in the closed substack (πP1 ◦ ev⋆)
−1(∞)
of QG and an open neighborhood of Fβ in QP•,1, under which
F ∅,β⋆,0 ∼= Fβ. The isomorphism preserves the C
∗ × T -equivariant
perfect obstruction theories.
(2) Under the natural isomorphism between F ∅,β⋆,0 and Fβ,
(ev⋆)
∗(η∞)[F
∅,β
⋆,0 ]
vir
eC∗×T (Nvir
F ∅,β⋆,0 /QG
)
=
[Fβ ]
vir
eC∗×T (NvirFβ/QP•,1
)
.
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Here again the localization residues are taken as sums over the
connected components of F ∅,β⋆,0 and of Fβ.
Proof. (1): Take the open neighborhood in QG by imposing the condi-
tion that the domain curves are irreducible and the open neighborhood
inQP•,1 by requiring that the base points are away from the stacky point
[1, 0] ⊂ Pa,1.
(2): We compare the C∗ moving and fixed parts of both obstruc-
tion theories. First for QG, we need to look at the fixed part of
R•π∗([u]∗1TX⊠ [u]
∗
2TP
1) and the fixed part of the infinitesimal automor-
phism/deformation of (C, x⋆). Altogether its contribution coincides
with the fixed part of R•[u]∗TX. The Euler class of the moving part of
them altogether becomes the Euler class of the moving part of R•[u]∗TX
divided by (−z). 
By Lemma 3.6 and Lemma 4.8, we obtain the following.
Proposition 4.9.
I(0, q, z) = 1X +
∑
β 6=0
qβ(e˜v⋆)∗
[Fβ]
vir
eC∗×T (NvirFβ/QP•,1
)
.
4.3. I-function for twisted theory. Let E be a convex vector bundle
on X as in Remark 3.15. Let J0+,E(t, q, z) be the J-function of the
(E , Euler) twisted (0+)-quasimap theory and let
IE(q, z) =
∑
qβIEβ (q, z)
be its specialization at t = 0. The proof of Theorem 4.2 applies for the
twisted theory as well and we conclude the following.
Theorem 4.10. The twisted I-function
I
E(t, q, z) :=
∑
β
qβ exp(
1
z
∑
i
tipi(c1(Lηij ) + β(Lηij )z)I
E
β (q, z).
is on the Lagrangian cone of the (E , Euler)-twisted Gromov-Witten
theory of X.
By convexity, R0π∗[u]∗E is a vector bundle on bothQG = QG0+0,⋆,β(X)
and QP•,1 = QP•,1(X, β) for each β 6= 0. The restrictions of the two
vector bundles are identified by the natural isomorphism between F ∅,β⋆,0
and Fβ from Lemma 4.8. From this and Lemma 4.8(2), it follows that
(4.3) IEβ (q, z) = (e˜v⋆)∗
eC
∗×T×Gm(R0π∗[u]∗E|Fβ) ∩ [Fβ ]
vir
eC∗×T (NvirFβ/QP•,1 )
.
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5. Toric Deligne-Mumford stacks
In this section we make Theorem 4.2 completely explicit for toric DM
stacks by calculating the localization residues Iβ(0, q, z) via stacky loop
spaces. For toric manifolds this is a well known calculation with Euler
sequences, due to Givental [18]. For the convenience of the reader we
present its extension to the orbifold case. As a result of this calculation,
the Mirror Theorem for toric DM stacks, recently proved by different
methods in [13], becomes a special case of Theorem 4.2.
5.1. Set-up. Let G be the algebraic torus (C∗)r, r ≥ 0. Fix a finite
collection [N ] of (not necessarily distinct) characters of G. In this
section, we consider the case
W =
⊕
ρ∈[N ]
Cρ, G = (C
∗)r.
Fix a character θ of G and assume that W ss := W ss(θ) = W s(θ) as
before. For a character ρ, the associated line bundle on X := [W/G]
will be denoted by Lρ. Let πi be the i-th “standard” character
πi : G = (C
∗)r −→ C∗,
coming from the i-th projection. As the character group of G is the free
abelian group generated by πi, there are unique integers ai,ρ making
ρ =
∑
i ai,ρπi.
The GIT stack quotient X := [W ss/G] is a toric DM stack (in the
sense of [5]), with quasi-projective coarse moduli space. Since it is a
global quotient stack by an abelian group, it is known that
IµX =
∐
g∈G
[(W ss)g/G], and hence I¯µX =
∐
g∈G
[(W ss)g/(G/〈g〉)].
Let T = (C∗)[N ] be the big torus with the standard action onW . There
are only finitely many fixed points and finitely many 1-dimensional
orbits on X under the induced T action. Therefore Theorems 3.12 and
4.2 apply to the triple (W,G, θ).
In what follows, we will denote Dρ the hyperplane of W associated
to ρ as well as the corresponding T -equivariant divisor classes of [W/H ]
(or even its restriction to various substacks of [W/H ]), whenever H is
an algebraic group acting onW with the hyperplaneDρ being invariant.
5.2. Explicit description of Homβ(Pa,1, [W/G]). Let SchC be the
category of schemes over SpecC and let U := C2 \ {0}.
Since PicU ∼= PicC2 is trivial, any line bundle on Pa,1 is obtained
from the Borel’s mixed construction OPa,1(m) := [U×Cm/C
∗] for some
weight m ∈ Z of C∗. The degree of OPa,1(m) is m/a ∈ Q.
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We find an explicit description of Hom-stack Homβ(Pa,1,X). The
groupoid fiber over S ∈ SchC of the category Homβ(Pa,1,X) is equiva-
lent to the category described as follows:
• Objects are collections
(Li, i ∈ [r]; uρ, ρ ∈ [N ])
consisting of C∗-equivariant line bundles Li on S × U , i =
1, . . . , r, together with C∗-invariant sections uρ of
Lρ := ⊗iL
⊗aiρ
i .
By triviality of PicU , the C∗-equivariant line bundle Li is de-
termined uniquely by an integer weight of C∗ and a line bundle
Mi on S. For the collection to give a map of class β, the weight
must be aβ(Lπi) ∈ Z:
Li =Mi ⊠ (U × Caβ(Lπi )).
• Arrows from (Li, i ∈ [r]; uρ, ρ ∈ [N ]) to (L
′
i, i ∈ [r]; u
′
ρ, ρ ∈ [N ])
are collections of isomorphisms (ϕi ∈ Γ(S×U,L
∨
i ⊗L
′
i)
C∗ , i ∈ [r])
for which uρ corresponds to u
′
ρ for every ρ.
Consider the graded ring C[x, y] with deg x = a, deg y = 1 and
denote by C[x, y]m its C-subspace of degree m. Pushing-forward along
U , together with the fact that H0(U,OU) = H
0(C2,OC2) = C[x, y], we
may regard uρ canonically as an element of
Γ(S,Mρ)⊗C C[x, y]aβ(Lρ),
where Mρ := ⊗iM
⊗ai,ρ
i .
Hence the groupoid fiber above is equivalent to the category whose
objects are (Mi, uρ ∈ Γ(S,Mρ) ⊗C C[x, y]aβ(Lρ), ρ ∈ [N ]) and whose
arrows from (Mi, uρ ∈ Γ(S,Mρ) ⊗C C[x, y]aβ(Lρ), ρ ∈ [N ]) to (M
′
i , u
′
ρ ∈
Γ(S,M ′i)⊗ C[x, y]aβ(Lρ), ρ ∈ [N ]) are collections of OS-module isomor-
phisms Mi →M
′
i , i ∈ [r], compatible with uρ, u
′
ρ.
Given a and β, consider the finite dimensional vector space
W aβ :=
⊕
ρ∈[N ]
C[x, y]aβ(Lρ)
with the G action given by the direct sum of the diagonal G action on
C[x, y]aβ(Lρ) by the weight ρ, so that C[x, y]aβ(Lρ) ∼=
⊕
Cρ. In particu-
lar, when β = 0, we recover W0 = W with the original G action. Now
the conclusion of the equivalent descriptions of the groupoids above
can be stated as follows.
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Proposition 5.1. The following stacks are all equivalent:
Homβ(Pa,1,X) ∼= Homβ([C
2/C∗],X) ∼= [W aβ /G].
Convention: From now on we let a be the minimal positive integer
associated to β by Lemma 4.6 and will write Wβ for W
a
β .
Corollary 5.2. The stack QPa,1(X, β) is equivalent to the smooth quo-
tient stack [W ssβ (θ)/G].
Proof. By Proposition 5.1 and Lemma 4.6, [u] ∈ Homβ(Pa,1,X) is a C-
point of QPa,1(X, β) if and only if uρ(ζ0, ζ1) ∈ W
ss(θ) for general points
(ζ0, ζ1) ∈ C2 \ {(0, 0)}. It is easy to see that the latter condition is
equivalent to (uρ)ρ ∈ W
ss
β (θ). 
Recall the perfect obstruction theory R•π∗[u]∗T[W/G] for QPa,1(X, β)
as in §4.2. We can describe the complex more explicitly since [W ssβ /G]
is smooth. Consider the generalized Euler sequence (see [12, §5.1]), i.e.,
the distinguished triangle
g×G W →W ×G W → T[W/G]
on [W/G]. It induces an exact sequence on [W ssβ /G]
0→ O⊕[r] → ⊕ρ∈[N ]π∗[u]∗Lρ → T[W ssβ /G] → 0,
and the obstruction vector bundle ⊕ρ∈[N ]R1π∗[u]∗Lρ defining the virtual
fundamental class of [W ssβ /G]
∼= QPa,1(X, β).
5.3. The virtual normal bundle. Recall the C∗ action on the coarse
moduli P1, given as t · [ζ0, ζ1] = [tζ0, ζ1]. This induces an action on
[W ssβ /G]. Define
(5.1) Zβ :=
⊕
ρ∈[N ],β(Lρ)∈Z≥0
C · xβ(Lρ) ⊂Wβ.
Under the natural identification of Zβ with the sub-G-representation⊕
ρ∈[N ],β(Lρ)∈Z≥0 Cρ of W , we have
Zβ =
⋂
ρ:β(Lρ)<0 or β(Lρ)6∈N
Dρ.
The C∗-fixed component [Zβ/G] of Homβ(Pa,1, X) is distinguished in
the sense that
Fβ ∼= [Zβ/G] ∩ [W
ss
β /G]
under the identification from Corollary 5.2. Let Zssβ := Zβ ∩W
ss
β .
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Proposition 5.3.
eC
∗×T (NvirFβ/QGPa,1 ) = e
C∗×T (N[Zssβ /G]/[W ssβ /G])
=
∏
ρ:β(Lρ)>0
∏
0≤ν<β(Lρ)(Dρ + (β(Lρ)− ν)z)∏
ρ:β(Lρ)<0
∏
⌊β(Lρ)+1⌋≤ν<0(Dρ + (β(Lρ)− ν)z)
and [Fβ ]
vir = [Fβ] = [Z
ss
β /G]. (In the above formula the index ν in
the products runs over integers and ⌊ ⌋ denotes the round-down of a
rational number.)
Proof. First note that π∗[u]∗Lρ = O(Dρ) ⊗ H0(Pa,1,O(aβ(Lρ))). The
C∗-representation space H0(Pa,1,O(aβ(Lρ))) (for β(Lρ) ≥ 0) has the
basis
yaβ(Lρ), ya(β(Lρ)−1)x, ..., ya(β(Lρ)−⌊β(Lρ)⌋)x⌊β(Lρ)⌋,
therefore its C∗ weights are β(Lρ), β(Lρ)−1, ..., β(Lρ)−⌊β(Lρ)⌋. This
explains the numerator of eC
∗×T (NvirFβ/QGPa,1 ).
The obstruction bundle
⊕
ρR
1π∗[u]∗Lρ becomes⊕
ρ:β(Lρ)∈Q<0
O(Dρ)⊗H
1(Pa,1,O(aβ(Lρ)).
A C∗-eigenbasis of the cohomology space H1(Pa,1,O(aβ(Lρ)) can be
computed by taking Cˇech 1-cocycles with respect to the e´tale covering
of Pa,1:
ya(β(Lρ)+1)x−1, ya(β(Lρ)+2)x−2, ..., ya(β(Lρ)−⌊β(Lρ)+1⌋)x⌊β(Lρ)+1⌋.
Therefore the weights are β(Lρ)− ν with ⌊β(Lρ) + 1⌋ ≤ ν < 0, ν ∈ Z.
This is the denominator of eC
∗×T (NvirFβ/QGPa,1 ).
Finally, the obstruction bundle defining the virtual fundamental class
of the smooth stack [W ssβ (θ)/G] = [W
s
β(θ)/G], when restricted to Fβ
has no C∗-fixed part. We conclude that [Fβ ]vir = [Fβ]. 
Let gβ = (e
2π
√−1β(Lρ))ρ ∈ G. By the proof of Lemma 4.6, note that
the connected component into which Fβ lands under the evaluation
map at ⋆ and its associated component in the unrigidified cyclotomic
inertia stack are respectively
[(W ss ∩
⋂
ρ:β(ρ)6∈Z
Dρ)/(G/〈gβ〉)] and
[(W ss)gβ/G] = [(W ss ∩
⋂
ρ:β(ρ)6∈Z
Dρ)/G].(5.2)
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The evaluation map ev⋆ is factored through [(W
ss)gβ/G] and makes
Fβ = [Z
ss
β /G] as a closed substack of [(W
ss)gβ/G], whose normal bundle
yields, by (5.1) and (5.2),
(5.3)
eC
∗×T (N[Zssβ /G]/[(W ss)
gβ /G]) = e
C∗×T (NZβ/W gβ )|[Zss
β
/G]
=
∏
ρ:β(Lρ)∈Z<0
Dρ.
Theorem 5.4.
I(0, q, z) =
∑
β∈Eff(W,G,θ)
qβ
∏
ρ:β(Lρ)<0
∏
β(Lρ)≤ν<0(Dρ + (β(Lρ)− ν)z)∏
ρ:β(Lρ)>0
∏
0≤ν<β(Lρ)(Dρ + (β(Lρ)− ν)z)
1g−1β
where 1g−1β
is the fundamental class of [(W ss)g
−1
β /(G/〈g−1β 〉)].
Proof. This is immediate from Proposition 4.9, Proposition 5.3, and
equation (5.3). The factor r disappears since the rigidification ̟ has
degree r−1. 
Corollary 5.5. For a semi-positive triple (W = C[N ], G = (C∗)r, θ),
I(0, q, z) takes form
1X +
I1(q)
z
+O(1/z2), I1(q) ∈ (qΛK)H
≤2
T (X,ΛK).
Proof. Let β 6= 0 so that for some ρ, β(Lρ) 6= 0. Note that 1g−1β
is the
fundamental class 1X of the untwisted sector if and only if β(Lρ) ∈ Z
for all ρ. In this case, the argument in the proof of Lemma 5.9.1 in [10]
works. If 1g−1β
is the fundamental class of a twisted sector, then the
power of 1/z appearing in qβ becomes∑
ρ∈[N ]
⌈β(Lρ)⌉+# negative integers β(Lρ)
> β(detTX) + # negative integers β(Lρ)
≥ β(detTX) ≥ 0.(5.4)
This implies that I(0, q, z) = 1X +O(q). The two inequalities in (5.4)
cannot be equalities at the same time since β 6= 0. Therefore there
is no twisted sector part in the 1/z-coefficient of the small I-function
I(0, q, z). 
Let
{γ0 = 1X , γ1, . . . , γs, γs+1, . . . , γl}
be the part of the basis of Chen-Ruan cohomology corresponding to
the untwisted sector H∗T (X), with {γ1, . . . , γs} basis for H
2
T (X). In the
toric case, we may write each γi as a polynomial in T -equivariant first
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Chern classes of line bundles coming from characters of G, as in (4.1).
In particular, for the divisors γi, i = 1, . . . , s we write γi = c1(Lηi).
Corollary 5.6. (1) Let t =
∑l
i=0 tiγi =
∑l
i=0 tipi(c1(Lηij )) be a
general element of H∗T (X). Then
I(t, q, z) =
∑
β
qβ exp
(
1
z
l∑
i=0
tipi(c1(Lηij ) + β(Lηij )z)
)
∏
ρ:β(Lρ)<0
∏
β(Lρ)≤ν<0(Dρ + (β(Lρ)− ν)z)∏
ρ:β(Lρ)>0
∏
0≤ν<β(Lρ)(Dρ + (β(Lρ)− ν)z)
1g−1β
is on the Lagrangian cone of the Gromov-Witten theory of X.
(2) For t = t01X +
∑s
i=1 tiγi ∈ H
0
T (X)⊕H
2
T (X),
IGiv(t, q, z) =
∑
β∈Eff(W,G,θ)
qβe(t01X+
∑s
i=1 ti(γi+β(Lηi)z))/z
∏
ρ:β(Lρ)<0
∏
β(Lρ)≤ν<0(Dρ + (β(Lρ)− ν)z)∏
ρ:β(Lρ)>0
∏
0≤ν<β(Lρ)(Dρ + (β(Lρ)− ν)z)
1g−1β
is on the Lagrangian cone of the Gromov-Witten theory of X.
(3) If (W = C[N ], G = (C∗)r, θ) is a semi-positive triple,
J∞(t+ I1(q), q, z) = IGiv(t, q, z), for t ∈ H
≤2
T (X).
Furthermore, the so-called mirror map t 7→ t+I1(q) is expressed
via two-pointed (0+)-quasimap invariants as
t+ I1(q) = t+
s∑
i=0
∑
β 6=0
qβγi〈γ
i,1X〉
0+
0,2,β.
Proof. (1) is immediate from Theorem 4.2 and Theorem 5.4, and (2) is
a specialization of (1).
(3) follows from (2), Theorem 3.9 (3b), and Corollary 5.5. 
In particular, part (3) of the above Corollary proves Conjecture 4.3 of
[20] after the identification of H∗T (I¯µX) with H
∗
T (IµX) by the pullback
̟∗. (Of course, the interpretation of the mirror map as a generating
series of quasimap invariants is new.)
Part (2) of the Corollary is precisely the main result of [13]. Note
that the notion of “S-extended I-function” from [13] corresponds in
our terminology to the Givental small I-function for a different GIT
presentation of the geometric target X .
Remark 5.7. Combining the considerations from Remark 3.15 with
Theorem 4.3 and the calculations of this section provides a different
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proof (not relying on Tseng’s orbifold Quantum Lefschetz theorem [31])
of the Mirror Theorem for complete intersections of convex hypersur-
faces in toric DM stacks of Coates, Corti, Iritani, and Tseng, see [14,
Theorem 25]. We leave the easy details to the reader.
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